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ABSTRACT

The shape of the augmentation series is an old question in modular group
representation theory. Using an asymptotic point of view probability
theory provides useful patterns to describe these shapes. Especially for
large p-groups the normal distribution is a good approach.

1. Introduction

Throughout this paper p is a fixed prime, G a group, K a field of characteristic
p and KG the group algebra. I(G) := {}_ cqkq9 : Y kg =0,k € K} is the
augmentation ideal. The powers of the augmentation ideal yield a filtration of
the group algebra:

KG=1G)°’ >LG)>LG)? > ---

We are interested in the function i — dim I(G)*/I(G)**1.

If one can compute various subgroups of G an explicit formula for these
dimensions is available (see Jennings’ Theorem 2.1). This will give for every
group a function that describes exactly dim I(G)*/I(G)**1. To be more detailed:

Suppose G is finite. Then there is an [ such that I(G)! = I(G)'*1. Set
L := dimKG/I(G)" and consider Zy(G) : i — 1 dimI(G)*/I(G)**! as the
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1

density of a random variable and define the expectation value E(Z4(G))
>, Z4(G)i, the variance V() := E((Zg — E(Z4))?) and the normalization Ty =
(Ta - E(Ta)/v/V(E2) (s0 E(Ta) = 0 and V(Ty) = 1).

Let Zp(z) := 3, Za(i) denote the distribution corresponding to Zy. The
(normalized) normal distribution is

Np(z) = —\/15__7;/ e"/2dt.

THEOREM 1.1: Let F be a finitely generated, non-abelian free group and p =
char K a prime.
Then there is a natural series (N, )nen of normal subgroups of F, such that
F/N,, is a finite p-group, (,, N, = {1} and
lim ID(F/Nn) = ND.
n-—-+o0

In addition, we show that for many (in the sense of the Higman—Sims theorem)
finite p-groups Zp is close to the normal distribution.

2. Preliminaries

Throughout this paper p is a fixed prime and G a group.

2.1 FINITE p-GROUPS.  Proofs of the facts mentioned in this section can be
found in Benson’s book [1] (section 3.14, pages 85-89).

Let 7;(G) denote the i-th term of the descending central series of G, ie.
1(G) := G and 3(G) = [G,%-1(G)].

The i-th p-dimension subgroup of G is

Di(G) = (% (GY" :pFj > 4) .

There are many names (Jennings, Zassenhaus, Brauer or Lazard subgroups) and
descriptions for these groups. For example D;(G) ={g€G:9~-1¢€ I(G)'}.

For the rest of this section assume G is finite.

Define r; := log, (| Di(G)/Di+1(G)|)-

Note that D;(G)/Di+1(G) is an elementary abelian p-group. Hence it is
isomorphic to (the additive group of) an r; dimensional vector space. Choose
a set B; of representatives in D;(G) of a basis of this space. Fix a linear ordering
<onlB; .
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THEOREM 2.1 (Jennings [3]): Let G,r; and B; be as above. For all n € N:

{(b1 = 1)+ (bm — 1) mod I™*: by, € Bjay, bisp # bi < bigs, ¥ kj(k) = n}

is a basis of I"/I"+1,

The following polynomial equation in t holds:

Y AN
> tdimI(G)/TH(G) = [] (1—_%)

>0 Lir#0

The second part of this theorem implies

{1 —1) - (b — 1) mod ™1+ b; € By, 4 i)i_n bivp % bi < bip1}]
= {(b1,...,bm) by € By, 2, 3(8)i = n,bigp # by < by}

s0 no element of the first set is listed twice.

For p-groups the augmentation ideal is the radical. For finite groups G the in-
tersection over all D;(G) is OP(G), i.e. the intersection over all normal subgroups
of p-power index and KGI(OP(G)) = (N, I(G)*. This implies KG/(, I(G)* =
K(G/OP(G)).

Thus the co-dimension of I(G)? in KG depends only on the largest p-factor
group of G (provided G is finite).

2.2 FREE GROUPS.  Both theorems in this section are proved using Lie rings.
The first uses Z Lie rings and the second is the analog for Z/pZ-Lie rings. A
Lie-ring proof of the theorem in the last section was given in [8].

THEOREM 2.2 (Magnus [6], Witt [15]): Let F, denote the free group with n
generators. Then [, vi(F,) = {1} and

T's(n) := rankz Y:(F) /i1 (F, ZM ni/d

d|i
(here M denotes the Mébius function and the summation is over all divisors d
of i).

For a proof see [5] pages 299 and 468.
In [4] the following is shown:

THEOREM 2.3 (Lazard [4]): Fix a prime p. Then: [, Di(F,) = {1} and
dim D;(F)/Dit1(Fn) = Y Tipi(n), where the summation is over all j > 0
such that p’ is a divisor of i.
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Putting the above formulas together, we get an explicit (but hard to compute)
formula for Zp(F,/D;).
A rough bound is:

COROLLARY 2.4: |dim D;(F,,)/Diy1(Fyp) — n'/i| < in/2.

2.3 PROBABILITY. As usual, F(X) denotes the expectation value of the
random variable X and V(X) the variance. If V(X) # 0, we define the nor-
malization of X by X := (X — E(X))/ \/T’_(X_) . This is a random variable with
expectation value 0 and variance 1.

The distribution D(X) of a random variable X is the function from R to the
interval [0,1] defined by: D(X)(z) = p(X!((—o0,z)) where x is the measure
on the probability space on which X lives.

Suppose X; are random variables on a probability space P and P can be
written as x P;. If X;({x1,Zs,...)) depends only on z; (for every i) the X;’s are
independent random variables. For our purposes it is enough to have this criteria
for independence.

In Shiryayev [13] page 326 a central limit theorem is proved. It states that
normalized partial sums of a series of random variables converge to the normal
distribution if the variance of the variables does not grow too fast and the de-
pendency between the variables shrinks fast enough.

A special case is:

THEOREM 2.5: Let p denote a prime and suppose (Y;)icn are independent
random variables uniformly distributed on {0,1,...,p — 1}.

Assume y; € R>{0} and lim;_, yz/\/z = 0. Define X; := y;Y;. Then the
limit (for n — o0) of the distributions of ), . X; is the normalized normal
distribution. -

Note that: E := E(Y;) = (p—1)/2, V :=V(¥;) = (p* - 1)/12, E(} ;. Xi) =
Cicn YiB and V(T Xi) = Yicn uV.

3. Proof of Theorem 1.1

As mentioned in the introduction Ip is the distribution of a random variable.
We construct such a random variable.
Fix a finite group G and a basis B; of I(G)!/I(G)**!. Define B := {J; B;- We
regard B as a measure space, where the measure is defined by p(A) := |A|/|Bj.
Define Zg(G): B — R by Zp(G)(b) := ¢ if b € B;. This is a random variable.
Obviously the distribution of Zr(G) is Ip(G).
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The remark following Jennings theorem 2.1 shows that Zg(G) is an independent
sum of Y r; = log,(|G/OP(G)|) random variables.

Suppose F' = F,, is a free group with n > 1 generators.

We claim that D;(F) =: N; satisfies the conclusion of Theorem 1.1.

1. F/D; is a finite p-group (the order can be computed by Theorem 2.3).
2. [V;en Di = 1 is the first part of Theorem 2.3.

3. We want to apply Theorem 2.5.

For each i there is exactly one [ such that }>. ,r; <i <3 . r; (there
; := dim D;(F)/D;41(F)). Define y; := [ and Y; as in Theorem 2.5. By

Theorem 2.1 we have: Zg(F/D;) = ZKZ L UkYk
By Corollary 2.4 we have 7, = n*/k + z), for some z;, with |zg| < kn*/2.
Thus k
0< lim y;/Vi< lim ———— =0
i—00 k

—00 /Zj<k r;

and the central limit theorem 2.5 proves our Theorem 1.1.

Suppose F is the free group generated by (e;)ien.
Define N; := D;({ey,...,e;)){ex: k > i). As above we conclude that (N;)ien
satisfies the conclusions of Theorem 1.1.

4. Remarks

1. Let p"‘("”’)"3 be the number of isomorphism classes of p-groups of order p™
and pB"3 be the number of isomorphism classes of p-groups of order p™,
whose Frattini subgroup is central and elementary abelian (for p-groups
D,(@G) is the Frattini subgroup of G).

G. Higman [9] and C. Sims [2] proved (see [9]}):

O(n _1/3) A(n,p) — 227 > B(n,p) — 52—7— > 0(n™h).

LEMMA 4.1: If G is a finite p-group with elementary abelian central
Frattini subgroup ®(G), then D,1(G) = {1}.

Proof: [G,®(G)] = {1} = {¢” : g € ®(G)} as P is central and elementary
a.beha,n As G/®(G) is elementary abelian ®(G) contains v, and v¥. Thus
0 ,72,73 and [}, 11] are trivial. Hence D, is trivial too. |
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So, for such groups Zg(G) = Eislogp(lcl) y;Y; for Y; as in Theorem 2.5
and for some y; < p.

Hence, for a large class of p-groups G (i.e. more than p? (P of order p"

for each n) Zp(G) is almost normal distributed (i.e. for every € > 0, there

is an n € N such that sup,¢cg |Zp(G)(z) — Np(z)| < € for all p-groups G
with Dpt1(G) = 1 and |G| > p™).

2. For Z (i.e. the free group in one generator) and any normal subgroup nZ,
we have a uniform distribution Zp(Z/nZ) (compare [11]).

3. A finite group G is a p-group if and only if I(G) = J(G) (the Jacobson
radical of KG, see [1] page 86).

We can consider the filtration of the powers of the (nilpotent) radical J(G)
of KG and define Jp(G)(i) := dim J*/|G|.

If G = G1 ® Ga, then Jg(G) is the independent sum of Jr(G;) (not
difficult to prove). Thus, if H is a group with Jr(H) not constant (i.e. p
divides |H|) then lim, o Jp(H™) = Np. See [14].

4. A function f : {1,...,n} = N is unimodal if there is an integer m such
that f(i) < f(i+1)if¢ <m and f(i) > f(i +1) if i > m. The results of
this paper suggest that, for p-groups G, the function i — dim J*/J**! is
close to unimodal.

The unimodality question is an open problem for p > 3 but there are

partial positive results. e.g. Manz and Staszewski in [7] and Shalev in
[10]. On the other hand there are counter-examples for p = 2.
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